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A CHARACTERIZATION OF BLD-MAPPINGS BETWEEN 

METRIC SPACES 

RAMI LUISTO 


Abstract. We prove a characterization theorem for BLD-mappings be¬ 
tween complete locally compact path-metric spaces. As a corollary we 
obtain a sharp limit theorem for BLD-mappings. 


1. Introduction 

The class of BLD-mappings was introduced in |MV 88 j as mappings that 
preserve solutions of certain elliptic partial differential equations. In that 
paper Martio and Vaisala showed, among other results, that the class of 
BLD-mappings has several equivalent definitions. In this paper we use the 
following geometric definition. For the definitions of the length of a path, 
path-metric spaces and branched covers, see Section [2j 

Definition. Given L > 1, a branched cover f: X ^ Y between metric 
spaces is a mapping of Bounded Length Distortion, or (L-)BLD for short, if 
for all paths 7 : [ 0 , 1 ] ^ A, we have 

(BLD) < i{f o 7 ) < L£( 7 ). 

In [MV 88 ] Martio and Vaisala dehned BLD-mappings as a subclass of 
the so called quasiregular mappings, see e.g. [MV 88 | or [Ric93j . and showed 
that this analytic definition is equivalent to the geometric definition given 
above. There are, however, also other characterizations of BLD-mappings 
between Euclidean spaces in [MV 88 | although they are not explicitly stated 
as such. In this paper we state these characterizing properties and prove a 
characterization (Theorem [IT]) , which shows that the equivalent definitions 
for BLD-mappings in [MV 88 | hold true also in the setting of complete locally 
compact path-metric spaces. 

Note that the path-length condition (BLD) is required for all paths. This 
requirement implies that the lifts of rectifiable paths are also rectifiable. (For 
terminology, see SectionjSJ) Requiring the path-length condition (BLD) only 
for rectifiable paths gives rise to the class of weak BLD-mappings, that have 
been studied e.g. by Hajlasz and Malekzadeh, see |HM15bj . In Euclidean 
spaces the two definitions are equivalent (see [HMlSaj l but, in general, weak 
BLD-mappings form a strictly larger class of mappings. For example the 
identity map Hi —)• from the first Heisenberg group to the Euclidean 

3-space is a weak BLD-mapping but not a BLD-mapping. 
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A mapping f : X ^ Y between metric spaces is L-LQ (Lipschitz Quo¬ 
tient) if, for all X G X and r > 0, 

(LQ) By(/(x), L"V) C / (Bxix, r)) C By (/(x), Lr). 

LQ-mappings were introduced with this name in |R.TT>+99] . Note, how¬ 
ever, that Martio and Vaisalii show already in [MV881 Lemma 4.6.] that 
BLD-mappings satisfy the (LQ) property locally in Euclidean domains. For 
mappings between complete and locally compact path-metric spaces the 
definition of L-LQ-mappings is equivalent to a local one; see Lemma 12.31 
The definition of LQ-mappings immediately yields that LQ-mappings are 
open, but they are not necessarily discrete; the projection map ^ M is 
a trivial example, but see also |Cso01] for a construction of Csornyei for an 
LQ-mapping /: with a point P G R^ such that f~^{{P}) contains 

a plane. 

Let f : X ^ Y he a continuous mapping between path-connected metric 
spaces. As in |Ric93[ 11.4] and |HR02[ p. 491] we set 

L(x, /, r) := sup{d(/(x), f{y)) \ y G dB{x, r)}, 
l{x,f,r) := inf{d(/(x),/(y)) j y G dB{x,r)}, 

L*{x,f,r) := sup{d{x,y) \ y G dU{x,f,r)}, 

and 


l*{x,f,r) := mf{d{x,y) \ y G dU{x,f,r)}, 

where U{x,f,r) the component of f~^ (P(/(x),r)) containing x. Note that 
since X is a path-metric space, for every x G X dU{x, f,r)^$ for all r > 0 
small enough when / is not a constant map. 

A mapping fX Y is L-radial if for all x G X there exists a radius 
ro > 0 such that for all r < tq 

(R) L{x,f,r)<Lr and l{x, f,r) > L~^r. 

An equivalent definition for radial mappings is given in Lemma 12.41 

Likewise we say that a branched cover /: X —> X is L-coradial if for all 
points X G X there exists a radius ro > 0 such that for all r < xq 

(R*) L*{x,f,r)<Lr and l*{x, f,r) > L~^r. 

As branched covers coradial mappings are continuous, open and discrete 
by definition. For radial mappings the radiality condition (R) immediately 
implies that an L-radial mapping is both discrete and locally L-Lipschitz. 
On the other hand radial maps are not necessarily open, as the example 
{x,y) !->■ {\x\,y) defined in the Euclidean plane shows. 

Our hrst main theorem is the following characterization. 

Theorem 1.1. Let f:X^Y be a continuous mapping between two com¬ 
plete locally compact path-metric spaces and L > 1. Then the following are 
equivalent: 

(i) f is an L-BLD-mapping, 

(a) f is a discrete L-LQ-mapping, 

(in) f is an open L-radial mapping, and 
(iv) f is an L-coradial mapping. 













A CHARACTERIZATION OF BLD-MAPPINGS 


3 


Theorem 11.11 generalizes and extends an earlier result by the author, see 
[Lull Theorem 1.1]. As mentioned, this result is known in the Euclidean 
setting |MV88] . The implication (i) => [ii) is observed in the setting of 
generalized manifolds of type A in |HR02] . and more recently the impli¬ 
cation {i) => [Hi) is noted in a setting similar to [HE,02) under additional 
assumptions on spaces X and Y by Guo and Williams [GWj . The impli¬ 
cation {iii) {ii) is implicitly due to Lytchak in a purely metric setting 
without notions of branched covers, see |Lyt05 Section 3.1 and Proposition 
4.3]. Furthermore in [HRn21 Theorem 4.5] it is shown that a mapping be¬ 
tween quasiconvex generalized manifolds is BED if and only if it is locally 
regular in the sense of David and Semmes, see [DS971 Definition 12.1]. That 
equivalence does not, however, preserve the constant L. 

Locally uniform limits of L-LQ mappings are L-LQ in a very general 
setting and so Theorem 11.11 yields that the L-BLD condition passes to limits 
of BLD-mapping packages (defined in Section [4]) when the limiting map is 
discrete. More precisely, we have the following theorem. 


Theorem 1.2. Let {Xj,Xj) and {Yj,yj) be two pointed sequences of locally 
compact and complete path-metric spaces. Suppose the sequence of pointed 
mapping packages {{Xj,Xj),{Yj,yj), fj), where each fj: {Xj,Xj) —>■ {Yj,yj) 
is L-BLD, converges to a mapping package {{X, xq), {Y,yQ), f) where f is 
discrete. Then f is L-BLD. 


As an immediate corollary we get a result for fixed spaces. 


Corollary 1.3. Let X andY be locally compact complete path-metric spaces 
and suppose (fj) is a sequence of L-BLD-mappings A —>■ T converging point- 
wise to a continuous discrete mapping f: X ^ Y. Then f is L-BLD. 

In the setting of path-metric generalized manifolds of type A, we may 
deduce the discreteness of a limit of L-BLD mappings from uniform bounds 
for local multiplicity. Thus in this setting we have the following stronger 
result. 


Theorem 1.4. Let {Mj,Xj) and {Nj,yj) be two pointed sequences of path- 
metric generalized n-manifolds of type A with uniform constants. Suppose 
the sequence of pointed mapping packages {{Mj,Xj), {Nj,yj), fj) converges to 
a mapping package ((M, xq), {N, yo), f), where each fj : Mj —)• Nj is L-BLD. 
Then f is L-BLD. 

We again have a corresponding result for fixed spaces as a corollary. 

Corollary 1.5. Let M and N be generalized n-manifolds of type A and 
suppose (fj) is a sequence of L-BLD-mappings M ^ N converging pointwise 
to a continuous mapping f: M ^ N . Then f is L-BLD. 

Note that in |MV88j Martio and Vaisala prove a corresponding sharp 
result in the Euclidean setting, and in [HKllj Heinonen and Keith show 
that in the setting of the so called generalized manifolds of type A the limit 
map is K-BLD with K depending only on the data. 

Remark 1.6. The radiality conditions are also connected to quasiregular 
mappings. For example in |OR09[ Definition 4.1] quasiregular mappings 
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are defined as orientation preserving branched covers for which the function 
Hf{x) := limsup^_j,o ^^x'fr) everywhere finite and has bounded essential 
supremum; see also fTTW] . 


Acknowledgements. The author would like to thank, once again, his ad¬ 
visor Pekka Pankka for introducing him to the world of BLD geometry. The 
ideas presented in this manuscript have been incubating for a long time and 
have been worked on during several wonderful mathematical events, but the 
author would like to mention the School in Geometric Analysis, Geometric 
analysis on Riemannian and singular metric spaces at Lake Como School of 
Advanced Studies in the fall of 2013 and the Research Term on Analysis and 
Geometry in Metric Spaces at ICMAT in the spring of 2015 as especially 
fruitful events concerning the current work. The author is especially grateful 
for all the interesting discussions with fellow mathematicians at these, and 
other, events. 

The contents of this paper were improved further by the author’s dis¬ 
cussions with Piotr Hajlasz and his students while visiting University of 
Pittsburgh in 2016. Finally, the thoroughness and comments of the anony¬ 
mous referee are gratefully acknowledged and have improved the readability 
of the manuscript. 


2. Preliminary notions 

A mapping between topological spaces is said to be open if the image of 
every open set is open and discrete if the point inverses are discrete sets. A 
continuous, discrete and open mapping is called a branched eover. 

The length £{/3) of a path /3: [0,1] ^ A in a metric space is defined as 

■= I 0 = to < • • • < 4 = 1 

Paths with finite and infinite length are called rectifiable and unrectifiable, 
respectively. A metric space (A, d) is a path-metric space if 

d{x, y) = inf {£( 7 ) | 7 : [0,1] A, 7 ( 0 ) = x, 7 ( 1 ) = y} 

for all X, y G A. In a similar vein, a metric space (A, d) is (C'-)quasiconvex if 
for all X, y € A there exist a path j3\ [0,1] —A with /3(0) = x, /3(1) = y and 
^(/3) < Cd{x,y). A 1 -quasiconvex space is called a geodesic space. Note that 
by the Hopf-Rinow theorem (see e.g. |Gro99[ Hopf-Rinow theorem, p.9]) 
complete and locally compact path-metric spaces are geodesic and proper; 
i.e. closed balls are compact. Geodesic spaces are always locally and glob¬ 
ally connected. Throughout this section A and Y are locally compact and 
complete path-metric spaces and f: X ^ Y a branched cover. Furthermore 
we denote 

NiyoJ,A):=#{Anf~^{yo}) and A(/, A) := sup A(y,/, A), 

y&A 



where A C A and yo G Y. 
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We follow the conventions of |Ric93j and say that [/ C X is a normal do¬ 
main (for /) if [/ is a precompact domain such that df{U) = f{dU). A nor¬ 
mal domain U is a normal neighbourhood of x € C/ if [/n/“^({/(x)}) = {x}. 
By U{x,f,r) we denote the component of the open set f~^{BY{f{x),r)) 
containing x. The existence of arbitrarily small normal neighbourhoods is 
essential for the theory of branched covers. Heuristically normal domains for 
branched covers have the same role as completeness has for BLD-mappings. 
The following lemma guarantees the existence of normal domains and the 
proof is the same as in |Ric93[ Lemma 1.4.9, p.l9], see also [Vai 66 [ Lemma 
5.1.]. 

Lemma 2.1. Let X and Y be locally compact complete path-metric spaces 
and f: X ^ Y a branched cover. Then for every point x € X there exists 
a radius rx > 0 such that U{x,f,r) is a normal neighbourhood of x for any 
r G {0,rx). 

The following corollary is an immediate consequence of Lemma 12.11 and 
the precompactness of normal domains. 

Corollary 2.2. Let f:X^Y be a branched cover between locally compact 
complete path-metric spaces and U C X a normal domain. Then for any y € 
/([/) there exists a radius ry > 0 such that for every r € (0,rj/) the domains 
U(z, f, r) are disjoint normal neighbourhoods of the points z € U Ci f~^{{y}) 
with 

Unf-^{B{y,r))= U UizJ,r). 

zGC/n/-i({y}) 

As noted in the introduction, the definition of Lipschitz quotient mappings 
is equivalent to a local definition in the setting of complete and locally 
compact path-metric spaces. 

Lemma 2.3. Let X and Y be complete and locally compact path-metric 
spaces. Suppose f: X ^ Y is locally L-LQ, i.e. for all x £ X there exist 
ro > 0 such that (LQ) holds for all 0 < r < tq. Then f is L-LQ. 

Proof. Fix a point xq € X and denote by L the set of those s € (0, oo) 
for which (LQ) holds at xq for all r < s. By our assumption / is a non¬ 
empty interval. Suppose L ^ (0,oo). Then the supremum sup / exists and 
a straightforward calculation shows that sup/ G /. Since X is a proper 
geodesic space, the set dBx{xo.,svLpL) is a non-empty compact set. By ap¬ 
plying the local (LQ) condition at all points of the boundary dBxixo,swpL) 
we see by the compactness of the boundary that there exists e > 0 with 
sup/ -|-e G /, which is a contradiction. Thus / = (0, oo) and the claim holds 
true. □ 

As mentioned in the introduction, radial mappings have an equivalent 
definition which we give next. This is in fact the formulation used by Martio 
and Vaisala, see |MV881 Corollary 2.13]. 

Lemma 2.4. A mapping f: X ^ Y between metric spaces is L-radial if 
and only if for any point x G X there exists a radius ro > 0 such that 

{R*) L~^d{x, y) < d{f{x), f{y)) < Ld{x, y) 
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for all y G Bxix,ro). 

Proof. The claim follows immediately as we note that the radius ro is the 
same as the radius in the definition of radial mappings. □ 

2.1. Path-lifting methods. The main tool in the proof of Theorem 1 1.1 1 is 
path-lifting. Given a mapping f: X ^ Y and a path /3: [0, 1] Y we say 
that a path /3: I ^ X, where I is an interval containing 0, is a lift of f3 if 
f o /3 = /3\j. A lift is called a maximal lift if it is not a proper restriction of 
another lift. Finally a lift is a total lift if / = [0,1]. The existence of lifts 
give rise to maximal lifts via a straightforward Zorn’s lemma argument, see 
e.g. |Ric93[ Theorem 3.2. p.22]. 

The following path-lifting theorem of Floyd [FlohO] would be sufficient for 
the purposes of this paper. Recall that a mapping is light if the pre-image 
of a point is totally disconnected; discrete mappings are always light. 

Theorem (Floyd). Suppose f'. X Y is a light mapping between two 
compact metric spaces. Then f is open if and only if there exists for any 
path /3: [0,1] — y and any point x G /“^(/3(0)) a total lift of (3 starting 
from X. 

We give, for the reader’s convenience, a self-contained proof of a special 
case (Proposition 12. 6 p of Floyd’s theorem. The idea in the proof of Propo¬ 
sition 12.61 is partly motivated by the proof of the classical application of the 
Baire category theorem e.g. in [KNOll 2.5.56, p.76]. The core of the proof is 
a Baire category theorem argument, which we formulate as Lemma 12.51 for 
the sake of clarity. 

Let /: X ^ y be a branched cover between locally compact and complete 
path-metric spaces, Uq a normal domain for / and /3 : [0,1] —> f{Uo) a path. 
For any compact set J C [0,1] we say that an open interval Wj C [0,1] 
intersecting J is a lifting interval for J if there exists a point t j G VFj D J, 
a positive number kj G N, and a radius rj>0 such that 
(LIl) #{Uo n rHm)) = kj for all teWjHJ, 

(LI2) for {zj,..., Zj'’} := Uq n f~^{l3{tj)) we have 

kj 

Uo n {BYmj),rj)) = U U{zf,f,rj), 

i=l 

where the union on the right hand side is disjoint, and 
(LI3) there exists mappings gf: Wj (1 J —)• U{zj, /, rj), for i = 1,..., kj, 
for which f o gf = /3\wjnJ and the images of the mappings gf cover 
all oiUonf-\f3iWjnJ)). 

Lemma 2.5. Let f : X ^ Y be a branched cover between locally compact 
and complete path-metric spaces, t/o « normal domain for f, and f3: [0, 1] 
f{Uo) a path. For any compact set J C [0,1], there exists a lifting interval 
Wj ofJ. 

Proof. For any compact subset J C [0,1] and A: G N, we denote 

iV|" :={t G J 1 #(t/o n rHmt)})) > k}, 

Nf^ ■.={t G J 1 #{Uo n rHmt)})) < k}, 
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and iV) = N}^ n Nf^. 

Since / is an open continuous map, the set Nj^ is open. Thus the com¬ 
plementary set Nj^ = J \ is closed for all A: G N. Since / is discrete 

the sets {Nj^ | A: € N} form a countable closed cover of the compact set J. 
Thus, by the Baire category theorem there exists a minimal index A:j G N 
for which the set Nj^'^ has interior points in J. Since kj is minimal, also 
the set Nj-^ has interior points in J. This means that there exists an open 
interval V C [0,1] with V (1 J C , so for all t G F fl J 

#{unf-\{m}))=kj. 

Let tj £ V n J and denote {zj,... ,Zj'’} := Uq fl /~^({/3(Aj)}). Let also 
rj > 0 be a radius so small that the sets U{zj, f,rj) are disjoint normal 
neighbourhoods of the points Zi ioi i = 1,..., kj satisfying 

kj 

Uo n /-' {B{(3{tj),rj)) = U U{z), /, rj) 

i=l 

as in Corollary 12.21 Set VLj C C to be an open interval around tj with 
fi{Wj) C B(/3(tj},rj). Since / is an open map, the restriction of / to the 
pre-image of f5{Wj n J) in Uq is locally injective by the definition of kj. 
Thus for any compact set K C ITjC J the pre-image /“^(/3(iL)) is compact 
and as a locally injective map between compact sets in Hausdorff spaces the 
restriction of / to f~^{/3{K)) is a local homeomorphism. This local inverse 
yields maps 

gy, WjnJ^Uizyf,r) 

satisfying fogj = /3|iynJj for f = 1,..., A:j. Furthermore the images of these 
lifts cover all of Uq n H J)). □ 

Proposition 2.6. Let f:X^Y be a branched cover between locally com¬ 
pact and complete path-metric spaces. Suppose Uq is a normal domain for 
f and let /3: [0,1] —)• f{Uo) be a path. Then for any xq G f/o LI /~^({/3(0)}) 
there exists a total lift of ft starting from x, i.e. a path j3\ [0,1] — Uq for 
which /3(0) = xo and f o j3 = fd. 

Proof. To use Lemma 12.51 to construct lifts of fi, let I be the collection 
of all intervals (a, b) C [0, 1] such that for any c G (a, b) and any x G 
Uq n /~^({/3(c)}) there exists a path a: (a, 6) —>■ Uq with a{c) = x and 
f o a = f3\(a,b)- The definition immediately yields that the collection I is 
closed under restrictions to open subintervals, finite non-empty intersections 
and finite unions when the union is an interval. Furthermore if {aj,bj) G I, 
j G S, is any collection with a connected union, a straightforward argument 
shows that also (infj Oj, sup^ G I. We conclude that Z is closed under 
arbitrary connected unions. The rest of the proof is dedicated into showing 
first that Z is non-empty, second that UX is dense in [0,1] and finally that 
(0,1) G I. 

Applying Lemma f2.5l with J a closed subinterval of [0,1] yields an interval 
Wj C [a,b] and kj lifts g^ ..., g^f of ld\wj covering all of the pre-image of 
fd{Wj) in Uq. From this we conclude that Z contains Wj and thus is not 
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empty. In fact, this argument shows that every closed interval J C [0,1] 
contains an open subinterval I C Wj PI int J with I £ I. Thus UX is dense 
in [0,1], 

We show next that (0,1) G Z. The collection Z is closed under connected 
unions, so it suffices to show that UZ = (0,1). Suppose UZ / (0,1). Since 
the collection Z is closed under connected unions, we may write UX as a 
countable union of disjoint open intervals {aj,bj) for j £ N. We apply 
Lemma 12.51 to the compact set 

J ■= [0,1] 

j 

and obtain a lifting interval Wj for J together with the related points 
Zj,..., z^f as in (LI2). We claim that Wj £ X. Let c £ Wj and fix a pre¬ 
image zo G C/q LI /“^({/3(c)}). Let fo G {1,..., kj} be the unique index for 
which zq £U(zy, f, rj). To define a lift 7: Wj ^ U (zj , /, rj) C Uq of /3\wj 
we set first yju/jnJ = • Since UX = dense in [0,1], there ex¬ 

ists intervals {aj,bj) intersecting Wj. For each of the intervals {aj,bj) C Wj 
there exists at least one lift aj of with \aj\ fl U{zy, f,rj) 7^ 0; if 

c G {aj,bj) we take the lift of (3\(aj,bj) containing zq, otherwise we take any 
one of the finitely many possibilities. Since 

13 {{aj,bj)) C l3{Wj) C B{f3{tj),rj) 

and U{zy, f,rj) is normal domain, \aj\ C U{zy, f,rj). Thus we may set 
lliajfij) = Oij- For the two possible intervals intersecting Wj but not con¬ 
tained in Wj we fix lifts in Uq in a similar vein by studying the intersection 
of such intervervals with Wj. From the definition of a lifting interval we im¬ 
mediately see that the lift 7 thus defined is continuous. Thus Wj £ X, which 
is a contradiction with the definition of J and we conclude that UX = (0,1). 
Since X is closed under connected unions, (0,1) G X. 

The fact that (0,1) G X implies the existence of lifts of /3|(o,i)- To con¬ 
clude the proof we need to show that there exists a lift of the whole path j3 
with /3(0) = xq. Let r > 0 be so small that U{xo,f,r) is a normal neigh¬ 
bourhood of xq. Take c G (0,1) such that /3|(o,c] X B{/3{0),r) and fix x G 
U (xo, /, r) n /“^({/3(c)}). Since (0,1) G X, there exists a lift /3: (0,1) — Uq 
of /^l(o,i) with /3(c) = X. The restriction /3|(o,c)' (0,c) —)• U{xo,f,r) is a 
lift of /?: (0, c) B(l3(0),r), and since U(xo,f,r) is a normal neighbour¬ 
hood of Xo, lims_).o/3(s) = xq- Thus the lift /3: (0, 1) — Uq extends to a lift 
[3' : [0, 1) Uq with /3(0) = xq. Since Uq is a normal neighbourhood and / is 
discrete, the limit lims_,,i /3(s) will equal one of the finitely many pre-images 
Uq n f~^({/3(l)}). Thus the lift extends to the whole interval [0, 1] and the 
claim holds true. □ 

Remark 2.7. We note that the proofs of Lemma 12.51 and Proposition 12.61 
are valid for branched covers between locally compact, locally and globally 
path-connected Hausdorff spaces. 

In the proof of Lemma[23]the fact that /3 is a path, i.e. that it is defined on 
an interval, has no role. Indeed the result holds true when “lifting interval” 
is replaced by “lifting domain” for any mapping (3: Z —>■ /(Uq) where Z is 
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a Baire space. The proof of the Proposition 12.61 does, on the contrary, rely 
heavily on the fact that /3 is defined on an interval. 

By the theorem of Floyd and Proposition 12.61 we do not obtain the max¬ 
imal family of lifts as in Rickman’s path lifting theorem |Ric73] . A single 
total lift of a given path within a normal domain is, however, sufficient for 
our methods. For rectifiable paths and BLD-mappings the local path-lifting 
extends to a global lift in the following sense. 

Lemma 2.8. Let f:X —>■ T be an L-BLD mapping between two locally 
compact and complete path-metric spaces for L > 1. Then any rectifiable 
path fi: [0,1] ^ y has a total lift starting from any point xq € /“^({/3(0)}). 

Proof. The claim follows immediately from noting that lifts of rectifiable 
paths are contained in closed balls which are compact in the setting of the 
lemma. □ 

Proposition 12.61 also yields the following corollary. 

Corollary 2.9. Let f:X^Y be a branched cover between locally compact 
complete path-metric spaces. Let x £ X and let U be a normal neighbourhood 
of X. Then for any connected open set W C f{U) with f{x) G W the pre¬ 
image U n f~^W is connected. 

Proof. Let y £ W and connect f{y) to f{x) with a path a: [0,1] W. For 
any point z G f~^{y} there exists, by Proposition 12.61 a lift a: [0,1] U 
with q:(0) = 2;. Thus 2: belongs to the same component of f~^W as x, which 
proves the claim. □ 


3. Proof of Theorem o 

In the proof of Theorem 11.11 the most involved part is to show that the 
radiality condition (R) implies the path-length condition (BLD) with the 
same constant (see also |HM15a] b This implication is true in the setting 
of general path-metric spaces and does not require / to be open. Thus we 
state it as the following separate lemma. We thank Jussi Vaisala for this 
short and elementary proof. 

Lemma 3.1. Let f: X ^ Y be an L-radial mapping between path-metric 
spaces and /3: [0,1] ^ A a path. Then 

L-Hif3)<£{fo/3)<Lm. 

Proof. Let /3: [0,1] A be a path. The inequality i{f o /3) < L£(/3) imme¬ 
diately follows from the fact that between path-metric spaces an L-radial 
mapping is an L-Lipschitz mapping. 

To prove the inequality L~^i{/3) < i{f o fi), let K = {xq, ..., Xk] C [0,1] 
with 

0 = xo < xi < • • • < Xfc = 1 

k 

C := ^d(/3(xi_i),/3(xi)). 

i=l 


and denote 
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Also let A be the set of those points a G [0,1] for which there exists a finite 
set J(a) := {Iq, ..., tm} such that 

(1) 0 — to <^ ■■■ <i tm — Oji 

(2) K n [0, a] C J{a), and 

(3) EEi<!(/3(i.-i)./3(*i)) < iEti<!(/(/3(‘.-l))./(/3(ti))). 

We note that 0 G A, so A is not empty. Thus the supremum of A exists and 
by applying the radiality condition at the point /(/3(sup A)) we observe first 
that sup A G A and then that sup A = 1. Now for J(l) =: {to, • • • An} we 
have by the triangle inequality that 

k N 

c = ^ d(/3(ti_i), /3(ti)) 

i=l i=l 

N 

<lY, d(/(/3(ti_i)), fim))) < Ll{f o d). 

i=l 

Thus we have that £(/?) < Ll{f o /3). □ 

Proof of Theorem \l.l[ We note that under any of the conditions {i)-{iv), 
the mapping / is an L-Lipschitz branched cover. We prove the theorem by 
two sequences of implications, showing first {i) => (n) => {in) (i) and 
then completing the equivalence by showing (i) => {iv) (in) 

The proof of the implication (i) => (ii) is essentially from [HRn2[ Proposi¬ 
tion 4.13 and Remark 4.16(c)]. To show that an L-BLD-mapping is an L-LQ 
mapping it suffices to show that the co-Lipschitz condition By (/(x), L~^r) C 
f{Bx{x, r)) holds, since the other inclusion is equivalent to the mapping be¬ 
ing L-Lipschitz. Since T is a proper space, the bounded set f{Bx{x,r)) is 
precompact. Thus we may fix zq G df{Bx{x,r)) with 

d{f{x), zo) = d {f{x),df{Bx{x, r ))), 

and a geodesic /?: [0,1] ^ T with /3(0) = /(x) and /3(1) = zq. By Lemma 
12.81 there exists a total lift a of this path starting from x. On the other 
hand, since / is an open map and 

a(l) G /“^({^o}) C f~^ {df{Bx{x,r ))), 

we have a(l) G dBx{x,r). Thus 

£{a) > d(a(0),a(l)) > d{x,dBx{x,r)) = r. 

By combining this with (BLD) and the fact that /3 is a geodesic 

d (fix), df{B{x, r))) = d{f{x), zq) = i{P) > L~^i{a) > L~^r. 

Thus Ry(/(x),L-V) C f{Bxix,r)). 

Suppose next that / is a discrete L-LQ-mapping. Let x G W. Since / 
is discrete, there is a positive distance tq := d (x,/“^({/(x)}) \ {x})). We 
claim that for any r < ro/2 we have 

d (fix), {fdBx{x, r))) > L~^r. 

To see this let z G dBx{x,r) and note that Bx{z,r) n f~^{{f{x)}) = 0, 
so /(x) ^ f{Bx{z,r)). Since f{Bx{z,r)) contains the ball BY{f {z),L~^r), 
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we have d{f{z),f{x)) > L~^r. Thus / is L-radial at x, since the condition 
L(x, /, r) < Lr is equivalent to the L-Lipschitz condition. 

By Lemma [3.1l an L-radial branched cover is L-BLD. Thus we have shown 
that the conditions (i), (m) and {Hi) are equivalent. 

The proof that an L-BLD mapping is L-coradial, let x E X and fix Vx as 
in Lemma l2.11 Denote 

ro := min{rj;, d (x, f~^{{f{x)}) \ {x}) /(2L)} 

and fix r < tq. Let z E dBY{f{x),r) and let /Sz: [0,1] —)■ BY{f{x),r) 
be a geodesic with I3z{0) = f{x) and /^^(l) = 2;. By Lemma [2.81 for any 
w E U{x,f,r) n /~^({2:}) there exists a lift Pz of /3z with (3z{0) = x and 
/?2(1) = w. Since / is L-BLD, i{/3z) < Lr. Thus for all r < rg we have 
L*{x,f,r) < Lr. Since the condition l*{x,f,r) > L~^r is equivalent to the 
L-Lipschitz condition, / is L-coradial at x. 

Suppose finally that / is a branched cover which satisfies the co-radiality 
condition (R*) with constant L>1. FixxEX and let tq > 0 be such 
that for all r < tq the normal neighbourhoods U{x,f,r) satisfy (R*). By 
Corollary 12.91 we have for all r < xq that 

U{x,f,r) = U{x,f,ro)nf-^{BYifix),r)). 

Then for each point 2; E ?7(x,/, xq) there exists a radius x^ > 0 such that 
2; E dU{x, f,rz). The condition (R*) then implies that d{z,x) E [L“^x, Lx], 
so the mapping / is L-radial. □ 

4. Limit theorems for BLD-mappings 

To show that the pointwise limit of L-LQ mappings fj-.X^Y between 
proper metric spaces is an L-LQ mapping is a straightforward calculation. 
In this section we show that a similar limit result holds in the setting of 
sequences of pointed mapping packages. 

A pointed mapping package is a triple {{X, xq), {Y, pq), f) where X and 
Y are locally compact and complete path-metric spaces having fixed base- 
points xo E X, j/o € Y, and f: X ^ Y is a continuous mapping sat¬ 
isfying /(xq) = Vo- We define the convergence of a sequence of pointed 
mapping packages as in |DS97[ Definition 8.18 and Lemma 8.19], see also 
[KMl Definition 3.8] and [Davlhl Definition 2.1]. For A C X we denote 
N^{A) := BxiA,e). A map cp: (X,xq) ^ (R,yo) between pointed metric 
spaces is called an e-quasi-isometry if 

(i) for all a, 6 E Bx{xo,e~^) we have \d{4>{a), 4'{b)) — d{a,b)\ < e, and 

(ii) for all e < X < we have N^{<j){Bx{xo,r))) D BY{yo,r — e). 

Definition 4.1. Pointed mapping packages {{Xj,Xj), {Yj,yj), fj) for j E N 
converge to ((X, xq), {Y,yo),f) if the following conditions hold: 

(r) (r) 

(GH-i) For every x > 0 and i E N there exists Q ^ > 0 and e] -quasi- 
isometries 

: Bxi{xi,r) N^(r) (gl'’'’ (Bxiixi, x))) C X and 
hi"'"’ - BYiiyur) (Ry,(yi,x))) C Y 
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SO that 0 and for all i € N, gf\xi) = xq, hf\yi) = yo; 

B{xq, r - ef C N^(r) {Bxi{xi,r))^ and 

B{yo,r-eP) C iV^M (Sy,(yi,r))) . 

(GH-ii) For any x ^ X and all r > d{x,xo) we have hf'\fi{ai)) —>■ /(a) as 
z — >■ oo whenever Oj G Xj is a sequence of points with g^[\ai) a 
as z —>■ oo. 

Note that the condition (GH-i) in Dehnition 14.11 is equivalent to saying 
that {Xj,Xj) —>■ (X,xo) and {Yj,yj) (X,yo) in the Gromov-Hausdorff 
sense, see e.g. [DS97] . For fixed spaces, the condition (GH-ii) is just the 
pointwise convergence of mappings. 

Lemma 4.2. Let {{Xj,Xj), (Yj,yj), fj) be a sequence of mapping packages 
converging to a mapping package ((X, xq), (X, yo),/). If all the mappings fj 
are L-LQ, then so is f. 

Proof. We show hrst that the limiting map / is L-Lipschitz. Let a,b ^ X 
and fix a radius i? > 0 with a,b ^ Bx{xq,R) and f{a),f{b) € i?y(yo,i?). 
Fix two sequences of points 

Oi G (^Bx{a,e\^^fj C X* and bi G X X*. 

By (GH-ii) we have h[^\fi{ai)) f{a) and h!f'\fi{bi)) /(a), so since 
each fi is L-Lipschitz the triangle inequality yields 

dY{fia)J{b))<Ldx{a,b) + 2s\^^ 
for all z G N. Thus / is L-Lipschitz. 

To prove the claim it now suffices to show that By (/(x), r/L) C /(i?x(x, r)) 
for each x G X and r > 0. Let zq G BY{f{x),r/L). Fix a radius tq < r 
such that Zq G BY{f{x),ro/L). Let also R = 2L{d{xo,x) -|-r) and let (ej^^), 
(y) ) and (/z) ) be as in Dehnition 14.11 For each z G N we take 

Ci G (y-^V^ C Xj. 

By (GH-ii) we have hi{fi{ci)) /(x), so 5i := dY{hi{fi{ci)), f (x)) 0 as 

i ^ oo. Likewise we hx for all z G N a point 

z,G(/zfV (By(z,ef))) CX,. 

Now the triangle inequality yields dYi{f{ci), Zi) < r^/L + {6i + 2e\ )., since 

hi is an -quasi-isometry. 

Since fi is L-LQ, we have 

Zi ^ BY^{fi{ci).|rQ/L{6i + 2e\ '^f) (Z f (^Bxi{ci,rQL{5i-\-2e\ ^))^ • 
Thus there exists, for each z G N, a point 

€ Bxi(cj, ro-1-L((5j-|-^))n/j ^({ 2 :*}). 
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{ 7?^ 

Since Bx{xq,Rq) is precompact, we can pass to subsequences {sj ), 
idj^^) and and assume that the sequence {gj^\aj)) in X converges 

_ / ry\ f D\ 

to a point in Bx{xo, Rq). Finally we note that since each Qj is an Sj - 
quasi-isometry, we have 

gf'\aj) € Bxix,ro + L{5j + + 2ef^^), 

so a £ Bx{x,rQ). Thus by (GH-ii), /(a) = z. This proves that we have 

z € f{Bx{x,ro)) C f{Bx{x,r)). 

Since 2 was arbitrary, Byifix), L~^r) C f{Bxix,r)) and / is L-LQ. □ 

Lemma 14.21 yields immediately the proof of Theorem 11.21 when combined 
with our characterization Theorem frn 

Proof of Theorem If. HI By the characterization Theorem 11.11 the classes of 
L-BLD mappings and discrete L-LQ mappings equal. By Lemma 14.21 / is 
L-LQ, and thus L-BLD. □ 

Remark 4.3. Also the ultralimit of a sequence of L-LQ mappings is L-LQ; 
see [LP141 Lemma 3.1]. Since completeness, local compactness and a path- 
metric pass to ultralimits, see e.g. |Kap09| , results of this section hold also 
when the convergence of mapping packages is replaced by an ultralimit. 
Likewise Theorem O has a corresponding ultralimit version. The proof is 
similar in the ultralimit setting as is given here for pointed mapping package 
convergence. 

The limit of a sequence of L-BLD mappings need not be discrete in gen¬ 
eral; for example a sequence of 1-BLD-mappings 

converges to a constant map —>■ {0}. In what follows we consider the 
setting of generalized manifolds of type A, where the existence of certain 
uniform local multiplicity bounds enable us to show that the limit of L- 
BLD mappings is always discrete. 

4.1. Generalized manifolds. Throughout this section we assume that M 
and N are generalized n-manifolds having a complete path-metrics. For the 
definition of generalized manifolds and their basic theory we refer to [HR.n2] . 
Note that generalized manifolds are locally compact. 

The following lemma is an elementary observation in the local value dis¬ 
tribution theory of BLD-mappings. We assume it is known to the specialists 
in the field but have not found it recorded in the literature. 

Lemma 4.4. Let f: M ^ N be an L-BLD-mapping between two generalized 
manifolds equipped with a complete path-metric. Then for any two points 
x,y £ N\f{Bf ) there exists a bijection ipf. /~^({x}) f~^{{y}) satisfying 

dM{a,iff{a)) < Ldxix^y) for all a £ f~^{{x}). 

Proof. The claim follows immediately by connecting x and y with a geodesic 
(3 and taking the maximal sequence of / liftings of /?, see |Ric93] . Indeed,to 
define the bijection iff, let fd: [0,1] ^ be a geodesic with /3(0) = x and 
/3(1) = y. For each a £ /~^({a;}) the path /3 has exactly one lift Oa in the 
maximal sequence of path liftings of ft under / starting from a. By Lemma 
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12.81 maximal lifts of [3 are total, and we define ipfia) = aa(l) £ 

Since y G N \ f{Bf) the mapping 'ijjf is injective, so by symmetry the 
mapping iljf is bijective. Since /3 is a geodesic, dx{a,'4>f{a)) < Ldy^x^y) by 
(BLD). □ 


In the setting of generalized manifolds the multiplicity bounds of Heinonen 
and Rickman |HR02j are at our disposal for the proof of Theorem ll.4l Note 
that the proof of the following theorem shows that the limiting map is dis¬ 
crete in a quantitative sense that / has the same uniform local multiplicity 
bounds as the mappings in the sequence (/*). This resut generalizes the 
authors previous result [Lull Theorem 1.2] and the proof here is similar. 


Proof of Theorem \1.4\ By Lemma 14.21 we know that the limiting map is L- 
LQ. Thus it suffices, by Theorem 11.11 to show that / is discrete. We show 
that for each ball Rm(3^oTo) we have N{f{xo),f,BMixo,ro)) < oo. 

By [HB,n2l Theorem 6.8], we have for any j G N, any x G M and any 
radius r > 0 


(N) 


N{fj{x),fj,BMj{x,r)) < {LcmT 


n^{BMj{x,Xr)) 

B.^{BNj{fj{x), (A - l)r/LcAr)) 


for any A > 1, where is the Hausdorff n-measure and cm and cx are 
the quasi-convexity constants of the spaces M and N, respectively. We fix 
A = 2 and note that cm = cat = 1 for path-metric spaces. Since we assumed 
the spaces Mj and Nj to have uniform constants, we have for any radius r 
a constant A^o(^) depending only on r such that 


(4.1) N{fj{x)Jj,BMj{x,r)) < iVo(r) 

for any j € N and x G Mj. 

Let xq G M and fix a radius ro > 0. We show that 


N{f{xo),f,BM{xo,ro)) < iVo(ro) =: No- 
Suppose towards contradiction that 

^ifixo), f, Bm{xo, ro)) >No + l. 

Then there exists yo G f(BM(xo,ro)) having at least A'^q -|- 1 preimages in 
BM{xo,ro), that is, 

BM{xo,ro)n f~^{{yo}) D {oq, • • •, oatJ 

with Oj mutually disjoint. Denote 

6 := min {dM{ai,{ak}k^i),dM{ai,dBMixo,ro))} 
z=0,...,A'o 

and note that the balls BM{ai, 6/2) are disjoint. 

Take Rq = 2ro and let and be the sequences as¬ 

sociated to Rq in (GH-i). For each j G N and all i = 0,...,No we fix 
points 

4 S i9j^°4~\BM{ai,ej)) C Mj. 
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Since the mappings are e^-^°^-quasi-isometries, the balls 6/4) 

will be disjoint in Mj for < 6/4. By (GH-ii) we have, for all i = 

0,..., A^o, that h^f^\fj{c/)) —>■ /(oj) = yo as i —>■ oo. Denote 

5i := dN{hf^°\fji4))iyo)- 

Since the mappings are ej’^°^-quasi-isometries, the triangle inequality 

yields that 

dNj{fji4)Jji4)) ^ ^ 44 °'’ + 6i 

for all i, /c G {0,... ,Nq}. Thus, for < 6/{24L), there exists a point 

No No 

^0 € f| BN^if{ci),6/i4L)) C f| fBMM^d/4). 

k=0 k=0 

Since the balls /4) are disjoint we have 

# (BM,(xo,ro) n f-\{zo})) > iVo + 1. 

This is a contradiction with (14.ip . so N{f{xo), /, ro) < Nq and / is discrete. 

□ 

Remark 4.5. The multiplicity bound (N) of Heinonen and Rickman holds 
more generally in the setting of Ahlfors Q-regular generalized manifolds 
equipped with a complete path-metric if 'H^{Bf) = 0. Note, however, 
that this is a very strong assumption; indeed the Heinonen-Rickman conjec¬ 
ture [HR021 Theorem 6.4] asks whether the branch set of a BLD-mapping 
f: M ^ N has zero measure in any setting where M and N are not quasi- 
convex generalized n-manifolds of type A. 

Under the assumption ^{^{Bf) = 0, the bound (N) follows from stan¬ 
dard covering arguments combined with the co-radiality condition (R*) and 
Lemma [ 4 .41 Thus also the proof of Theorem [T31 goes through in this setting. 
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